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Abstract 
The application of steel fiber reinforced concrete (SFRC) is continuously increasing; however its potentials are limited due to the lack of 
universally accepted and reliable design guidelines. The main reason for that is a complex issue of quantifying the tensile stresses, called 
as residual stresses (σfr), which a cracked section is able to carry due to concrete interaction with fibers. This paper deals with a 
determination of the stress-crack opening (σfr-w) relation of tensile SFRC. The inverse technique was proposed for determination of σfr
employing the experimental data from three-point bending tests on notched beams. Attained residual stress-crack opening relations were 
compared with the post-cracking behavior, defined using RILEM technique. It was observed, that the inverse technique, proposed by the 
authors, is an accurate method for determination of the residual stresses of SFRC in tension. 
© 2013 The Authors. Published by Elsevier Ltd.  
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1. Introduction 
Steel fiber reinforced concrete (SFRC) is a composite cementitious material, containing randomly distributed fibers. 
SFRC is characterized by an enhanced ductility and toughness, which are mainly provided by steel fiber bridging effect in 
the crack. After the initiation of the cracking in the concrete member, steel fibers abate crack propagation by transferring 
stresses over the crack opening. Therefore, a cracked section is able to carry tensile stresses, also called as the residual 
stresses σfr [1–3]. 
Because of great variety in the geometry, shape and material properties of steel fibers and, thus, varying characteristics of 
bond between fibers and concrete, there are no currently available reliable constitutive models. Residual stresses due to fiber 
interaction with tensile concrete (σfr) are often defined from bending tests on standard SFRC specimens (RILEM 2002, 
DBV 2001). However, this approach is accompanied by a large scatter of test results, usually exceeding 30%. Quantifying 
the residual stresses in tension is one of the most important and intricate matters in constitutive modeling of SFRC [4]. 
The objective of this investigation is to contribute to the ongoing research of determination of the residual stress-crack 
opening (σfr–w) relation of SFRC. For this purpose, residual stresses were obtained using the inverse technique on the basis 
of the experimental data from three-point bending tests on notched members. A simple and universal method for the 
assessment of the residual stresses is proposed. Unlike to the existing methodology (RILEM TC 162-TDF), the developed 
technique is not limited to standard specimens and is applicable for determining residual stresses on a base of full-scale 
flexural elements. 
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2. Constitutive modeling of SFRC 
2.1. The inverse analysis 
Considering steel fiber reinforced concrete as a homogenous material, the post-cracking behavior of SFRC can be 
described by the residual stress-crack opening (σfr–w) relationship. However, quantifying the residual stresses of cracked 
SFRC in tension σfr is an intricate problem. Due to the difficulties in performing the uniaxial tension test [5], bending tests 
on small notched beams are extensively used as a standard test for determination of the post-cracking strength of a SFRC 
member. Performing bending test, the deflection and the crack tip opening displacement (CTOD) are measured together 
with the corresponding load applied. Employing the attained response of a notched beam, the σfr–w relationship of SFRC is 
determined through the proposed procedure for the inverse analysis. 
Let us consider a notched beam, subjected to three-point loading. After initiation of cracking, the deformation behavior 
of the SFRC member can be assumed as shown in Fig. 1, where two parts of a beam interact at a fictitious hinge as rigid 
bodies. The location of the hinge coincides with the neutral axis. For the actual design, assumptions have to be made 
concerning the fictitious crack surfaces and the crack opening angle [6]: 
• Elastic part of deflection and CTOD is neglected;  
• The crack surfaces remain plane and the crack opening angle equals the overall angular deformation. 
Following the above assumptions, for the deformation model shown in Fig. 1a, a linear relationship can be drawn 
between mid-span deflection and CTOD and, thus, the neutral axis position can be defined: 
 4 ; 4CTOD y L y CTOD L= ⋅ = ⋅ ⋅δ δ  (1) 
Here y is the distance between the neutral axis and the notch tip.  
It is important to note that with increasing loading, the location of the neutral axis changes, moving towards the 
compressive face of the beam, thus it should be identified for every loading step, considered in analysis (see Eq. 1) [7]. The 
stress distribution in the cross section also changes. SFRC rapidly loses its resistance in tension due to the propagating crack 
and only at the very near vicinity of the neutral axis the concrete is not ruptured [8]. The crack is then bridged only by the 
fibers which transfer the tensile forces across the expanding crack width. 
With every loading step the propagating crack is divided into small crack intervals, which are assumed to carry constant 
residual stresses (see Fig. 1b, c, d). Bending moment equilibrium equation is solved with respect to the point O (which 
represents the resultant of the compressive concrete zone), and for every interval of propagating crack, the residual stresses 
are attained (see Fig. 1c): 
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Fig. 1. (a) Deformation behavior of the beam, (b) residual stresses in the opening crack, (c) bending moment calculation diagram,  
(d) residual stress-crack opening relationship 
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In above equations, k is the current step number; n is the number of performed steps, n = 1, 2, 3…i–1; yk is the distance 
between the neutral axis and the notch tip at current step; σfr,n is the residual stresses at different crack intervals, obtained 
previously; σfr,k is the residual stress determined at k-crack opening interval. 
2.2. RILEM TC 162-TDF technique  
Alternatively, stress-crack opening relation of SFRC specimens can be obtained employing method proposed by RILEM 
TC 162-TDF [9]. The three-point bending test is performed on the specimens with dimensions of 150×150×600 mm and a 
notch at mid-span for performing a crack-controlled test. The post-cracking response SFRC is characterized by residual 
stresses σfr1 and σfr2 for different levels of deflection, most commonly taken to be equal 0.46 and 3 mm, or crack tip opening 
displacement (CTOD) of 0.4 and 2.86 mm, respectively. On the basis of the experimental data, the residual stresses are 
determined by the following expressions: 
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Here b is the width of the specimen; hsp is the distance between tip of notch and top of cross section; L is the loading span, 
FR,k is the load recorded at the k-th stage. 
3. Experimental program 
For experimental investigation two different concrete compositions were used, containing 40 kg/m3 and 80 kg/m3 steel 
fibers, which is respectively equivalent to 0.5% and 1.0% of the total specimen volume (Vf). Applied hooked end fibers had 
length lf of 50 mm, a diameter df of 1 mm and aspect (length to diameter) ratio of 50. 
The concrete compressive strength was measured at the age of 28 days on 150 mm cube specimens, resulting in 
43.1 MPa and 44.8 MPa for 0.5% and 1.0% steel fiber concrete mixes, respectively. All beams had dimensions of 
150×150×600 mm and were tested on a span of 500 mm. To localize cracking process, each beam was notched 25 mm at 
the mid-span. The test set-up proposed by RILEM TC162-TDF 2002, is shown in Fig. 2. 
 
Fig. 2. Experimental set-up of the beam 
 
Fig. 3. Experimental load-CTOD relationships 
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Fig. 4. Experimentally attained load-deflection relationships 
It should be mentioned that the post cracking behavior within the tested beams of the same set differs significantly (see 
Fig. 3 and Fig. 4). Such a variety of results was mainly influenced by the orientation and number and of fibers acting at the 
crack section. 
4. Constitutive modeling results 
Employing the experimental data of the bending tests described in Section 3 and the inverse technique discussed in 
Section 2 post-cracking behavior of SFRC in tension is modeled. Attained σfr-CTOD curves for the tested beams with 
different content of fibers (0.5 and 1.0% by volume) are presented in Fig. 5. 
 
Fig. 5. Residual stress-crack opening relationships 
 
Fig. 6. Residual stress-crack opening relationships 
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The results obtained by the inverse technique are compared with the post-cracking behavior, defined by bi-linear RILEM 
TC 162-TDF approach. Good agreement of the simulated results for all the specimens subjected to testing has been attained 
(see Fig. 6). However, it should be noted that the stress-crack opening relationships derived by RILEM TC 162-TDF 
technique are relevant only for specific loading type and size of the specimens. Obtained results are approximated by bi-
linear curve and limited up to some deflection or crack opening value. The inverse technique, proposed by the authors, is an 
accurate method for determining the post-cracking behavior of SFRC beams. It can be extensively used for the 
determination of the residual stresses at each loading step resulting in full post-cracking behavior diagram of SFRC in 
tension. 
5. Conclusions 
Present study is dedicated to investigate the post-cracking behavior of steel fiber reinforced concrete (SFRC) beams. Ten 
notched beams containing two different fiber contents (0.5 and 1.0% by volume) were tested under a three-point bending 
scheme. Although the same concrete mixture and volume of fibers were used for the set of beams, the post-cracking 
behavior differed significantly. The maximum scatter observed for the beam test was 50%. The results were mainly 
influenced by the heterogeneity of the material itself as well as orientation and number of fibers acting at the crack section. 
Therefore, further investigation should be done to asses uniform distribution of fibers within concrete matrix. 
A simple method for determination the stress-crack opening relation of flexural SFRC member was presented. The main 
advantage of the proposed technique (with respect to RILEM TC 162-TDF approach limited by standard small specimens) 
is its capability deriving residual stresses on a base of any scale flexural element test results. It was shown, that the inverse 
technique, proposed by the authors, is an accurate method for determination of the residual stresses of SFRC in tension. 
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